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SO WHAT?SO WHAT?

It implies that the system can be sensitively dependent on

• small changes in parameter values (~ e.g. interventions)
• initial conditions

Possible regime changes
System can have limited predictability properties



AND THUS?  AND THUS?  

Important to determine conditions for which such
regime changes might occur

RELEVANT FOR THE WADDEN SEA ?RELEVANT FOR THE WADDEN SEA ?
(never seen this)(never seen this)

Clear indications in literature that regime changes occur 
in models that simulate aspects of the Wadden Sea



TOPICS  TOPICS  

1. A simple system showing regime change
=> bifurcation diagrams

2. Tides in an inlet-bay system
=> regime behaviour and limited predictability

3. Stability properties of a double-inlet system

4. Formation of channels and shoals in tidal embayments



1. The buckling wire and its bifurcation diagram



Note: 1. Instability at point P (= pitchfork bifurcation)
=> jump behaviour
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Note: 1. Instability at point P (= pitchfork bifurcation)
=> jump behaviour

2. Multiple equilibria
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1. The buckling wire and its bifurcation diagram
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1. The buckling wire and its bifurcation diagram

Note: 1. Instability at point P (= pitchfork bifurcation)
2. Multiple equilibria (3, 5)
3. Hysteresis behaviour
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The equations

o: ocean tide (here: prescribed)
cd: drag coefficient (bottom friction)
A : cross-sectional area of the inlet
Ab : wetted surface of the bay

u

2: Tides in inlets and bays



2

0 ( ) d b
b

c AgA gAd d d dA t
dt dt L L H A dt dt

Combination of mass and momentum balance yields

which is a nonlinear oscillator equation

Here: basin has sloping side-walls :  Ab( )=A*+l* 

Nonlinear relation due to hypsometry of the bay
(Boon & Byrne, 1981; Green, 1992; Maas, 1997)



possibility of sudden regime changes
(Maas, 1997, 1998)

Nonlinear hypsometric effects cause:

• highwater period to be longer than low-water period
• for the same forcing frequency there may be different

responses in the basin: multiple equilibria

bent resonance 

amplification

frequency

bay amplitude



In case of forcing by two tidal constituents
(M2 tide + S2 tide, hence spring-neap cycle)

possibility of chaotic solutions (Maas & Doelman, 2002):
limited predictability properties 

excess volume versus time observed tidal current in Moldefjord

V

t

(irregular tides: a 'contradiction in terminis')
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The laboratory model of Terra et al. (2006)

top view side view



Experimental verification of existence 
multiple equilibria by Terra et al. (2006) 



De Swart & Zimmerman (2009)

3: Stability of tidal inlet systems



c. DeltaresA double inlet system

Stability of a double tidal inlet system



3: Stability of a double tidal inlet system

Vd Kreeke (1990): such systems are inherently unstable
(at most 1 inlet will remain open)

Vd Kreeke et al. (2008): if topographic high is introduced
(2 subbasins with limited exchange) 
multiple stable equilibria are possible

subbasin

subbasin
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Arrows: components
dA1/dt, dA2/dt:

Morphodynamic tendency

Two inlets, Wadden Sea, 
(A’=0: no topographic high)

red curve: dA1/dt=0,
green curve: dA2/dt=0,

(x105 m2)
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2 equilibria with A1,A2 0, but none of them are stable
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Arrows: components
dA1/dt, dA2/dt:

Morphodynamic tendency

red curve: dA1/dt=0,
green curve: dA2/dt=0,

6 equilibria with A1,A2 0, of which 2 are stable
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Two inlets, Wadden Sea, 
with top. high (A’=6 104 m2)



Two inlets, Wadden Sea, 
with top. high (A’=1 104 m2)
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Arrows: components
dA1/dt, dA2/dt:

Morphodynamic tendency

red curve: dA1/dt=0,
green curve: dA2/dt=0,

4 equilibria with A1,A2 0, of which 1 is stable
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Value of A1 of equilibria with A1,A2 0 versus
area A’ of topographic high

stable equilibria: green         unstable equilibria: red
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4: Channel-shoal formation in tidal embayments

Typical Parameter values

Width = 1km
Length = 20 km
Depth at the entrance = 12 m
Grain Size = 130 m (fine sand)
Tidal Amplitude = 1m

Topview                              Sideview

Model Geometry



1. Find a simple (non-trivial) equilibrium         Width averaged equations

Constantly sloping equilibrium bed profile  

Sea side

Landward side

12 m

20 km

1 km

Method: Schuttelaars & de Swart (1997,1999)
Ter Brake & Schuttelaars (2010)

Solution Method
Solving the system of nonlinear equations



1.  Find a simple equilibrium

2.  Investigate stability of equilibrium Linear Stability Analysis

Stability of Equilibrium
Instability Mechanism

3.  Find other non-trivial solutions                Continuation techniques

Bifurcation Diagrams 
(Control Parameter = Bottom Friction Parameter)

Solution Method
Solving the system of nonlinear equations



Bifurcation Diagram
Control parameter = Bottom Friction

Stable
1 Unstable EM 
2 Unstable EM
3 Unstable EM



Stable
1 Unstable EM 
2 Unstable EM
3 Unstable EM

Trivial Solution

Multiple Solutions

One Solution

Two solutions
Cyclic solutions

Bifurcation Diagram
Control parameter = Bottom Friction



Bifurcation Diagram
Control parameter = Bottom Friction



Using simple mathematical tools it is possible to 
model and understand the 

• Multiple equilibria (Stability, regime behaviour)

• Periodic behaviour (Hopf Bifurcation)

• Chaotic behaviour (limited predictability properties)

Sensitivity to parameter values can be 
systematically investigated

Conclusions



1. Test these concepts with more sophisticated models
(e.g., Delft3D)

2. Be careful with applying linear ideas to nonlinear systems

WS?

3. Invest in measurements and in research 
(also/even in fundamental research):
we know less than we say/claim/think…

Recommendations



Courtesy: RIKZ
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- bay has vertical walls => Ab is constant
- forcing by single tidal constituent: o=Z0 cos( t) 
- no friction and A assumed constant

Case 1:

Forced harmonic oscillator (!)

Resonance if

frequencyHelmholtz
2/1

bAL
Ag

H

For a typical Wadden Sea basin H~3-5.10-4 s-1
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Case 2: As case 1, but with linear(ised) friction

=> Resonance frequency shift toward smaller values
=> Response is always finite

Experimental verification of this model by Terra et al. (2005)

Note: higher amplitude means larger friction!



Instability Mechanism

Stable UnstableCritical bottom friction



Sea side

Landward side

12 m

20 km

1 km

1. Find a simple (non-trivial) equilibrium

2. Investigate stability of equilibrium Linear Stability Analysis

Stability of Equilibrium
Instability Mechanism

Solution Method
Solving the system of nonlinear equations



Instability Mechanism



Instability Mechanism



Bifurcation Diagram
Control parameter = Bottom Friction



Bifurcation Diagram
Control parameter = Bottom Friction



TOPICS  TOPICS  

1. A simple system showing regime change
=> bifurcation diagrams

3. Tides in an inlet-bay system
=> regime behaviour and limited predictability

4. Stability properties of a double-inlet system

5. Formation of channels and shoals in tidal embayments

2. Visual manifestiations of nonlinearities in the Wadden Sea



2. Manifestations of nonlinearities in the Wadden Sea

solid line: velocity (m/s)
dashed line: sea level (m)

tides in 
Texel Inlet

Asymmetry in tidal records



residual stream function in Wadden Sea
(Ridderinkhof, 1988)

2. Manifestations of nonlinearities in the Wadden Sea



2. Manifestations of nonlinearities in the Wadden Sea

cyclic bar behaviour
of ebb-tidal deltas

period of about 50 years

=> sequences of erosion
and deposition

Israel & Dunsbergen (1999)



Along-channel distribution of suspended sediment concentration 
in the Ems estuary, summer 2006

Talke et al.
2009

2. Manifestations of nonlinearities in the Wadden Sea


